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Abstract 

In the present paper we show that the Ito representation of the 
infinitesimal generator L for Levy processes can be written in a convo- 
lution type form. Using the obtained convolution form and the theory 
of integral equations with difference kernels we study the properties 
of Levy processes. 



1 Main notions 

Let us introduce the notion of the Levy processes. 

Definition 1.1 A stochastic process {X t : £>0} is called Levy process ,if the 
following conditions are fulfilled: 

1. Almost surely X = 0, i.e. P(X = 0) = 1. 

(One says that an event happens almost surely (a.s.) if it happens with prob- 
ability one.) 

2. For any 0<ti < ti--- < t n < oo the random variables 
X t2 - X h , X ts - X u , ...,X tn - X tn _ x 
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are independent (independent increments). 

( To call the increments of the process X t independent means that incre- 
ments X t2 — X tl , X ts — X ti , X tn — X tn _ x are mutually (not just pairwise) 
independent.) 

3. For any s < t the distributions of X t — X s and X t - S are equal ( stationary 
increments) . 

4- Process X t is almost surely right continuous with left limits. 
Then Levy- Khinchine formula gives (see JT$, f^/) 

fi(z,t) = E{exp[izX t ]} = exp[-tX(z)), t>0, (1.1) 

where 



A( : i = ^Az 2 - i^/z - I (e lxz - 1 - ixzl^^^dx). (1.2) 



oc 



oo 



Here A>0, 7 = 7, z = z and fi(dx) is a measure on the axis (—00, 00) 
satisfying the conditions 



00 x 2 



1 + x 



: fi(dx) < 00. (1.3) 



The Levy-Khinchine formula is determined by the Levy- Khinchine triplet 

(A,7,/i(dx)). 

By Pt(xo, A) we denote the probability P(X t EA) when P(X = xo) = 1 and 
AG-R. The transition operator P t is defined by the formula 

/oo 
P t (x,dy)f(y). (1.4) 
-oo 

Let Cq be the Banach space of continuous functions f(x) , satisfying the 
condition lim/(x) = 0, >oo with the norm ||/|| = sup x \f(x)\. We 

denote by C " the set of f(x)eC such that f^(x)eC , (l<k<n). It is 
known that [5] 

PtftCo, (1.5) 

Hf(x)eC 2 . 

Now we formulate the following important result (see [5]) . 

Theorem 1.2 (Levy-Ito decomposition.) The family of the operators 
Pt (^0) defined by the Levy process X t is a strongly continuous semigroup 
on Co with the norm \ \Pt\ \ = 1- Let L be its infinitesimal generator. Then 

Lf = \ A % +1 fx + SZ U{x +y) ~ f(x) ~ y dl lM<Mdv ^ (L6) 



where /gCq. 

2 Convolution type form of infinitesimal gen- 
erator 

1. In this section we prove that the infinitesimal generator L can be repre- 
sented in the special convolution type form 

^ dx dx^ ^ 
where the operator S is defined by the relation 

Sf = \Af+ r k(y-x)f(y)dy. (2.2) 
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We note that for arbitrary a (0 < a < oo) the inequality 

\k{t)\dt <oo (2.3) 

J —a 

is true. 

Formula (12.21) was proved before in our works [I] under some additional 
conditions. In the present paper we omit these additional conditions and 
prove the formula (12.21) for the general case. The representation of L in form 
(12.11) is convenient as the operator L is expressed with the help of the classic 
differential and convolution operators. Using the obtained convolution form 
of the generator L and the theory of integral equations with difference kernels 
[3] we investigate the properties of a wide class of Levy processes. 
By C(a) we denote the set of functions f(x)&C which have the following 
property: 

f(x) = 0, x£{-a,a] (2.4) 

i.e. the function f(x) is equal to zero in the neighborhood of x — oo. We 
note, that parameter a can be different for different /. 
We introduce the functions 

jJL-{x) = I fi(dx), x < 0, (2.5) 
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ti+(x) 



POO 

/ fi(dx), x > 0, (2.6) 

J X 



where the functions /i_(x) and H+(x) are monotonically increasing on the 
half-axis (—00, 0] and [0, 00) respectively and 

fi + (x)— >0, x—t + 00; >0, x— > — 00. (2.7) 

We note that 

fi-(x)>0, x < 0; n+(x)<0, x>0. (2.8) 

In view of (jl.3p the integrals in the right sides of (12. 6p and (12. 5p are conver- 
gent. Hence we have 

/0 poo 
f(x)d/J,-(x) + / f(x)dfi + (x). (2.9) 
00 Jo 

Theorem 2.1 The following relations 

e 2 n±{±e)^0, + 0, (2.10) 

pa 

xfi-(x)dx < 00, — / xfi + (x)dx < 00, < a < 00 (2-H) 
-a Jo 

are true 

Proof. According to (II .3p we have 

0< / x 2 dfi4x)<M } (2.12) 

J — a 



where M does not depend from e. Integrating by parts the integral of (12.121) 
we obtain: 

! x 2 dfi^(x) = e 2 ^(-e) - a 2 /j^(-a) - 2 ! x/j^(x)dx<M, (2.13) 

J — a J —a 

The function — f_ 6 xfi-(x)dx of e is monotonic increasing. According to 
(I2.13P this function is bounded. Hence we have 

lim / xfi_(x)dx = / xfi_(x)dx (2-14) 
e-»+o / „ / „ 



It follows from (ETI3)) and ( BHD that 

lim e 2 fx(-e) = 0. (2.15) 

e^+0 

Thus, relations ( 12 . 1 0[) and (12.1 ip are proved for /x_(x). In the same way 
relations (I2.10p and (12. lip can be proved for /i + (x). □ 

2. Let us introduce the functions 

k-(x) = / n-(t)dt, -oo<x < 0, (2.16) 



k+(x) = - I fj.+{t)dt, < x< + oo. (2.17) 

J X 

In view of (12. lip the integrals in the right sides of (I2.16P and (I2.17P are 
absolutely convergent. From (I2.16P and (I2.17P we obtain the assertions: 

Theorem 2.2 1. The function k-(x) is monotonically increasing on the (— oo, 0) 
and 

k-(x)>0, -l<x < 0. (2.18) 
2. The function k + (x) is monotonically decreasing on the (0, +oo) and 

k+{x)>0, <x<l. (2.19) 

Further we need the following result: 

Theorem 2.3 The following relations 

ek-(-e)^0, + 0; ek + {e)^0, + 0; (2.20) 



,o f i 

/ k_(x)dx < oo; / k + {x)dx < oo (2.21) 



are valid. 

Proof. According to (12.1 ip we have 



0<- J x/i_(x)dx<M, , (2.22) 
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where M does not depend from e. Integrating by parts the integral of (I2.22p 
we obtain: 

xfx_(x)dx = ek-(-e) - fc_(-l) + / k„(x)dx<M, (2.23) 
1 J-i 

The function f_ e (x)da; of e is monotonic increasing. This function is bounded 
(see (I2.23P ) . Hence we have 

lim f k-(x)dx= [ k„(x)dx (2.24) 
£ ^+°J-i J -i 

It follows from f l2T23|) and f l2T24"j) that 

lim efc_(-e) = 0. (2.25) 

Thus, relations ( 12 . 20 j) and f |2 . 2 1 j) are proved for fc_(ar). In the same way 
relations (I2.20p and (12.21 j) can be proved for k + (x). □ 

3. We use the following notation 

</(/) = W) + W), (2.26) 

where 

Mf) = 4- f f'(y) k -(y - x )dy, f(x)ec(a), (2.27) 



DC 
OO 



J2<J) = 4-I f{y)k + {y-x)d yi f(x)eC(a). (2.28) 



dx 
d 

dx 



Lemma 2.4 The operator J(f) defined by (12. 26ft can be represented in the 
form 

J(f) = J°° [f(y + x)- f(x) - y ^i lyl <Mdy) + r/'(x), (2.29) 

where T = T and /(x)eC(a). 



Proof. From (12.271) we obtain the relation 

Ji(f) = - [ X [f(y)-f(x))k'_(y-x)dy- f 1 f{y)k'_{y-x)dy. (2.30) 

Jx-l J -a 

By proving (I2.30p we used relations (12. 161) . (12. 20 p and equality 

/ k-(y-x)dy= / k_(v)dv. (2.31) 

Jx-l J-l 

We introduce the notations 

P 1 (x, y) = f(y) - f(x) - (y - x)f'(x), P 2 (x, y) = f(y) - f(x). (2.32) 
Using notations f!2.32j) we represent (12.301) in the form 

f° d r 1 d 

= ~ J dy~ Pl ( x,y+x ^-^ dy ~ J -r^ p 2{x,y+x)^-{y)dy, (2.33) 

Integrating by parts the integrals of (12.331) we deduce that 

Ji(f) =f'( x )li+ Pi(x,y + x)d/i-(y) + / P 2 (x,y + x)dji-(y) 



-i 



+ P 2 (x,-a)fi_{-a), (2.34) 

where 71 = k'_(—l). It follows from (II. 3p that the integrals in ( I2.34p are 
absolutely convergent. Passing to the limit in ( I2.34p .when a—)- + 00, and 
taking into account (I2.30p , ( I2.3ip we have 

Mf) = f if(y + x)- f{x) - y^l| s |<i]dA*-(y) + Txf'ix). (2.35) 

In the same way it can be proved that 

Mf) = £[f{y + x)- f{x) - y^-l^d^iy) + l2 f\x), (2.36) 

where 72 = &+(l)- The relation (I2.29P follows directly from ( I2.35P and (12. 36 p . 
Here T = 7! + 72. The lemma is proved. □ 
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Remark 2.1 The operator L f = -£-f can be represented in form (12.11) . 
fl2~2D . where 

/oo 
Po(x-y)f(y)dy, (2.37) 
-oo 

p (x) = ^sign(x). (2.38) 

From Lemmas 12.41 and Remark 12.11 we deduce the following assertion. 

Theorem 2.5 The infinitesimal generator L has a convolution type form 
(I2TTD. Q. 
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